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By W. Watton, B.A. Trinity College. 


THE earliest problem of the motion of a particle along a 
moveable tube of invariable form, is one given by John 
Bernoulli, (Opera, tom. 4, p. 248,) where the tube is rectili- 
near, and is made to revolve in a horizontal plane about one 
extremity with a uniform angular velocity. A solution of 
this problem is given also by Clairaut, to whom it had pro- 
bably been proposed by Bernoulli, in the Mémoires de 
Académie des Sciences de Paris, for the year 1742, p. 10. 
A similar problem, which had been erroneously attempted by 
Barbier in the Annales de Gergonne, tom. 19, was correctly 
solved in the following volume by Ampére: in this problem 
the tube is supposed to revolve uniformly in a vertical instead 
of a horizontal plane, about the fixed extremity, the particle 
being consequently subject to the action of gravity. In the 
last number of this Journal may be seen a solution of this 
problem, by Professor Booth, who has discussed at length 
the more interesting cases of the motion. Several problems of 
a like character are to be met with, in which the tube is of 
invariable form, and is made to revolve about a fixed point 
with a uniform angular velocity. The object of this paper is 
to give a general method for the determination of the motion 
of a particle within tubes, and between contiguous surfaces of 
which either the position, or the form, or both, are made to 
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vary according to any assigned law whatever, the particle 
being acted on by any given forces. We will commence with 
the consideration of the motion of a particle along a tube, and 
for the sake of perfect generality, we will suppose the tube to 
be one of double curvature. The tube is considered in all 
cases to be indefinitely narrow and perfectly smooth, and 
every section at right angles to its axis to be circular. 

Let the particle be referred to three fixed sian, og axes, 
and let xz, y,z be its co- ordinates at any time ¢; let z, y, z 
become z + dz, y + dy, 2+ dz, when t becomes t+ ot ; o¢, and 
consequently éz, dy, dz being considered to be indefinitely 
small. Then the effective acceler rating forces on the particle 
parallel to the three fixed axes will be at the time ‘% 


-’ °F 


Also, let X, Y, Z, represent the impressed accelerating 
forces on the particle resolved parallel to the axes of 2, y, z; 
and let z + dz, y + dy, z + dz, be the co-ordinates of a point in 
the tube very near to the point z, y, z, which the particle 
occupies at the time ¢. Then, observing that the action of the 
tube on the particle is always at right angles to its axis at 
every point and therefore at the time ¢ to the line joining 
the two points z, y, z, and «+ dz, y+ dy, z+ dz, we have, by 
D’Alembert’s Principle, combined with the Principle of Vir- 
tual Velocities, 


ox oy »* / 
—_ = < lr + : - Ay, ——— <= sees oj}. 
(3 x) a (3 Y) ay ( z)a 0 (1.) 


Again, since the form and position of the tube are supposed 
to vary according to some assigned law, it is clear that when 
t is known the « equations to the tube must be known; ; hence 
it is evident that in addition to the equation (I.) we shall 
have, from the particular conditions of each individual pro- 
blem, a number of equations equivalent to two of the form 


¢(z,¥,2,6=0, x(@,y,2,4=0.... (IL), 


where @ and x are symbols of functionality depending upon 
the law of the variations of the form and position of the tube. 


The three equations (I.) and (II.) involve the four quantities 
r, y, 2, t, and therefore in any particular case, if the difficulty 
of the analytical processes be not insuperable, we may ascer- 
tain z, y, z, each of them in terms of ¢; in which consists the 
complete solution of the problem. 
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If the tube remain during the whole of the motion within 
one plane; then the plane of z, y, being so chosen as to co- 
incide with this plane, the three equations (I.) and (II.) will 
evidently be reduced to the two 


ss ~«~ 7 - a 
& - x) dx (3 -} Jey w@.... CR) 


@ (5 Y; t)=0...0e0e00e- (IV, 


We proceed to illustrate the general formule of the motion 
by the discussion of a few problems. 

1. A rectilinear tube revolves with a uniform angular velo- 
city about one extremity in a horizontal plane; to find the 
motion of a particle within the tube. This is Bernoulli’s 
problem. 

Let w be the constant angular velocity ; r the distance of 
the particle at any time ¢ from the fixed extremity of the 
tube ; then the plane of z, y, being taken horizontal, and the 
origin of co-ordinates at the fixed extremity of the tube, we 
shall have, supposing the tube initially to coincide with the 
axis of z, 

Z=P COS wl... 


evel es 
y=rsin wf ...... (2) 
From (1) we have 
dz = dr cos ot, 
and from (2), 
dy = dr sin ot. 


Again, from (1) we have 


bx _ or cos wt — wr sin wt 
~ = —- COS wl —- wf S w 
ot oat ‘ 
= = Hs cos wt — 2w e sin wt — wr COS wl; 
and from (2), 
é = 
e = = sin wt + wr cos wt, 
2 2 ; 
8 -. or sin wt + 2w er cos wt — wr sin wt. 





eo ot oe 
Substituting in the general formula (III.) the values which 


we have obtained for dx, dy, we have, since X=0, 


Y=0, 


Or oy 
of? dt? 
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or or. 2 
cos wt | —- cos wf — 2w — sin wt-—wr cos wl 
ot t 
RS 9 
; or . or ee 
+ sin wt vi sin wt + 2w — cos wf—w?rsin «t) = 0; 
ol © 





and therefore 
ee 
——w r= 0: 


é 
the integral of this equation is 
r=CeM+ Ce. 


Let r=a when t=0; then 


a=C+C'; 
or 
also let 5 = (3 when ¢=0; then 
é 
B= Gu — Cw: 


from the two equations for the determination of C and C’, 
we have 

y dwt B y Gar B 

C= — , Us ; 

2w 2Qw 
hence for the motion of the particle along the tube 
2wr = (aw + [3) e+ (dw - PB). 

In the case of Ampére’s problem, we shall have by the 
same process, the axis of y being now taken vertical, observ- 
ing that X =0, Y=-g sin of, if the time be reckoned from 
the moment of coincidence of the tube with the axis of z which 
is horizontal, 


9) 
ws 


vy -» ‘ 

— —-wr=-g sin of. 
ot 

The integral of this equation is 


r= Ce%+ Ce + i sin wt; 
Qw* 
and if we determine the constants from the conditions that 
dr 
‘= 
dt 


motion along the tube, 


: g G : 
Qwr = (aw +B - g ) 4 («» —- B+ £\. wt I cin wt 
‘ ) ‘ ‘ w 


shall have initially values a, 8, we shall get for the 


ott dw 

3. Suppose the tube to revolve in a horizontal plane about 

a fixed extremity with such an angular velocity, that the tan- 
gent of its angle of inclination to the axis of x is proportional 
to the time. 
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The equation to the tube at any time ¢ will be 
y=miz......(1), 
where m is some constant quantity ; hence 
dy = mt dz, 
and therefore from (III.), since X = 0 and Y= 0, 
“4 + mt - = 
But from (1) we have 
oy 


oz 
——= Mt —+ M2, 


ot ot 


o4 ox ox 
. = mt — +2m —; 


oe ot? a 


Oe: isis (2). 


hence from (2), 


° 


, an O# o, OF 
(1 + mt) v2 + I@m’*t v1 = 0, 


é 
ox 
AY 2Qm't 
+ ——,,= 0 
Sr 1+mt 
ot 


Integrating, we have 


ox sa 
log 4 log (1 + m’*t*) = log OC, 


ot 


o 
5 


ei 1 +m’t’) = C. 





Let (3 be the initial value of , which will be the velocity 


of projection along the tube ; then C= (3, and therefore 





ox, 242) __ = pee ; 
wae mt’) = B, dx = 1+ mt’ 


integrating, we get 


z+C= B tan” (mt). 
m 


Let z = a when t= 0; then a+ C= 0, and therefore 


L=a+t p tan” (mt), 
m 
and consequently from (1) 
y = amt + (it tan (mt). 
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If @ be the inclination of the tube to the axis of z at any 
time, and r be the distance of the particle from the fixed 
extremity, 

am + 30 


m cos 0° 


4. A circular tube is constrained to move in a horizontal 
plane with a uniform angular velocity about a fixed point in 
its circumference ; to determine the motion of a particle 
within the tube, which is placed initially at the extremity of 
the diameter passing through the fixed point. 

Let the fixed point be taken as the origin of co-ordinates, 
and let the axis of z coincide with the initial position of the 
diameter through this point; let w be the angular velocity of 
the revolution of the circle, @ the radius; also let @ be the 
angle at any time ¢ between the distance of the particle and 
of the extremity of the diameter through the origin from the 
centre of the circle. 

Then it will be easily seen that 

x =a cos wt + a cos (wt - 9)......(1), 
y=a sin ot + asin (wt -6)...... (2). 
From (1) we have 
dz = ad@ sin (wt — 9), 


and from (2), 
dy = — ad®@ cos (wt — 6). 


Hence from (III.), observing that X = 0 and Y=0, 


sin (wt = 0) +4 — COs (wt - 0) “=o SV. cee ee (3). 
Again, from (1), 
. =-—aqw sin wf +a (5 - ») sin (wt — 8), 
= =~ dw’ cos wt-a & ~ ») cos (wt - 8) +a sin (wt - 9); 
and from (2), 
J = dw cos wl - a (3 ») cos (wt — 0), 


Yi 


and therefore by (3 


ey =— dw sin wt —a (s - v) sin ( sin (wt - 0) -a — sits (wt — 0); 
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. ‘ 6 
aw’ {sin wt cos (wt — 0) — cos wt sin (wt — #)}+ a a 0, 
w sin 0+ a <@: 
oe? 
ee 00 ' : 
multiplying by 2 = and integrating, 
Cc y 
oe ; 
— = C+ 2w’ cos 0. 
ot 


3ut the absolute velocity of the particle being initially 


aay ‘ he 00 
zero, it is clear that 2w will be the initial value of — ; and 





ot 
therefore, @ being initially zero, we have 
4u® = C+ Qw’, C= 2w*, 
and therefore 
oF . ae 
— = 2w’ (1 + cos 9) = 4w* cos’ —, — =2w cos __, 
ot 2 ot 2 
0 = 
cos = 60 6 sin : 
aoesees = 2wolt, ao = wil. 
cos” 1 — sin’ 
2 2 
Integrating, we have 
1 + sin 
log = Qwt + C; 
1 —sin — 
2 


but 0=0 when ¢=0; hence C’=0, and we have 


. 6 
1 + sin — 


2wet 
—a =€ ’ 
1 — sin 
2 
and therefore 
emt a tot 


bas Q cwty gw? 


which determines the position of the particle within the tube 
. ‘ _ @ : 
at any time. When ¢=o, we have sin “a 1,and therefore 


6=7, which shews that, after the lapse of an infinite time, 
the particle will arrive at the point of rotation. 
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5. If we pursue the same course as in the solution of the 
problems (1), (2), (4), we may obtain a convenient formula for 
the following more general problem: a plane curvilinear tube 
of any invariable form whatever revolves in its own plane 
about a fixed point with a uniform angular velocity; to de- 
termine the motion of a particle acted on by any forces within 
the tube. 


Let w be the constant angular velocity of the tube about the 
fixed point; 7 the distance of the particle at any time from 
this point; ¢ the angle between the simultaneous directions of 
ry and of a line joining an assigned point of the tube with the 
fixed point of rotation; ds an element of the length of the tube 
at the place of the particle, and S the accelerating force on the 
particle resolved along the element ds; then the equation for 
the motion of the particle will be 


9,2 2 

2op Or, ds 

P+ —-wr= 2 |S— 8 

ve & [sa #5 

but since, the form of the tube being =n op, or may 
evidently be replaced by do, dr, we have, putting, for the 
sake of uniformity of ain dt in place of ét, 


e 


3 pe “ a 
Mt. wy” = 2)8 Is. 
dt 7 ‘ 
If w be zero, the formula will become 
, dy ” r 
—,+ —,=2|Sds, 
dt’ e 2] 


the well-known formula for the motion of a particle under the 
action of any forces within an immoveable plane tube. 


“ 


6. In the foregoing examples the position of the tube 
varies with the time, the form however remains invariable. 
We will now give an example in which the form changes 
with the time. 

A particle is projected with a given velocity within a cir- 
cular tube, the radius of which increases in proportion to the 
time while the centre remains stationary ; to determine the 
motion of the particle, the tube being supposed to lie always 
in a horizontal plane. 

The equation to the circle will be 

v4 y Se (eos ee rt ¢ oe 
where @ and a are some constant quantities ; hence 


xdx+ydy=0, 
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the and therefore, by the general formula (IID), 
for 
_ ox 8", 
ibe Yun -2 iz 0: 
ine ot ot” 
le- integrating, we have 
hin Sr wy 
Y—--xr—=—=C. 
" oO ot 
the . lt : li 
aes Let the axis of z be so chosen as to coincide with the initial 
er distance of the particle from the centre, and let B be the 


the initial velocity of the particle along the tube ; then C= - af, 
and therefore 


ube 
the oy ox 
a Pes oe ae 9). 
a 2 y y ry, ap pe etreedanén (2); 
again, from (1) we have 
A) A 
Ox OL 
ee te F 3 = d’a(1+at)....(8); 
— ot” 8 
the multiplying (2) by y and (3) by z, and subtracting the former 
result from the latter, we have 
es, ee 
(7+ y°) == @a(1+at) x - apy, 
“ ot 
and therefore by (1) 
or 
a(1+aty > =da(l+at)z- B {a (1 | at) —2°\?, 
oO 
the Put 1+ at=r, then 
2 ox re a 
tube dar = = darx — B(a*r* =o Fs 
or 
ible. 
nges again, put = mr, and there is 
: om n wile 
cir- daar” (m tT ¥ = damr — [3r (a’ — mA, 
T 
» the 
the , om — 
Ways sr == - [Br (a - m*)?, 
- oT 
om Or 
da Pte oak > 
(a — mm’)? T 


integrating, 


m (3 
C+ aa cos — = | : 
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or, putting for m its value, 


£ 
C+. da cos” — = - 
ar t 


and putting for r its value 1 + at, 


1 zx pB 


C'+ aa cos” —————- = - ——_. 
a(1 + at) 1+ at 


Now z=a when t= 0; hence C= - #3, and therefor« 
1 x af3t 
da cos — oe 
a(l+at) 1+at 
Bt 


z=a(1+at) cos - — 
a(1+at) 


and therefore from (1) 

pt 

(1 + rN 

which give the absolute position of oa particle at any assigned 
time. 

We proceed now to the consideration of the motion of a 
particle along a surface from which it is unable to detach 
itself, while the surface itself changes its position or its form, 
or both, according to any assigned law. ‘To fix the ideas, we 
suppose the particle to move between two surfaces indefinitely 
close iaahan: , so as to be expressed by the same equation. 


y=a(l + at) sin — 


Let z, y, z be the co-ordinates of the particle at any time ¢; 
and let dz, ey, éz be the increments of z, y, z, in an indefi- 
nitely small time ot; also let dx, dy, dz denote the increments 
of 2, Y, 2, in passing from the point Zr, Y, 2, to any point near 
to it within the surface as it exists at the time ¢#. Also let 
X, Y, Z denote the resolved parts of the accelerating forces 
on the particle at the time ¢ parallel to the axes of 2, y, z; 
then, observing that the action of the surface on the particle is 
always in the direction of the normal at cach point, we have, 


by D’Alembert’s Principle combined with the Principle of 


Virtual Velocities, 


(se- x) +(e -¥ dys (se )ae= ‘te 
ot ot 


Again, since the position and form of the surface vary accord- 
ing to an assigned law, its equi ation must evidently be known 
at any given time, and therefore we must have, from the nature 
of each particul: . problem, certain conditions between the 
quantities L,Y, 2, t, equivalent to a single equation 
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Taking the total differential of (B), we have 


= dx + rk t = dz=0; 


climinating dz between this equation and (A), we get 


Se .\dF y »\dF 
(3 ae x)5 * ae (3 - yo ty 
oz dF dF 
= _——— 7 + — 7 
( 2) ( a dy y): 


but dz and dy are independent quantities, we have therefore, 
by equating separately their coefficients on each side of the 


eq uation, 
or. "2 HY 2 LF 
sin _x dF | Te _g ( 
ot" dz ot di 


OY ~,\dF _ oz Z)\ 
(s y |e = (3 . dy 


and therefore also 


be x )aP (84 ve 
ve =” ot” dz 


any two of these three relations, together with the equation 
(B), will give us three equations in 2, y, z,t, whence 2, y, z 
are to be determined in terms of ¢. 

The following example will serve to illustrate the use of 
these equations. We have taken a case where the form of the 
surface remains invariable, its position alone being lable to 
change. ‘The analysis however, in the solution of problems of 
the class which we are considering, receives its general cha- 
racter solely in consequence of the presence of ¢ in the equa- 
tion (B), and therefore the example which we have chosen is 
sufficient for the general object we have in view. 

A particle descends by the action of gravity down a plane 
which revolves uniformly about a vertical axis through which 
it passes ; to determine the motion of the particle. 


rx) 





Let the plane of 2, y be taken horizontal, the axis of x 
coinciding with the initial intersection of the revolving plane 
with the horizontal plane through the origin, and let the axis 
of z be taken vertically downwards ; then, w denoting the an- 
gular velocity of the plane, its equation at any time ¢ will be 

Fe=y cos wt-z sin wt=0.......... (1), 


whence 


dF : dk dk 
- = sin wt, = cos wt, - 


di dy 
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also X=0, Y=0, Z=g; and therefore, from either of the two 
first of the three general relations, 


and from the third, 
- oy . 
— COS wt + uf sin wt = 0 
o° ot 


2, O2 


A 


Let r denote the distance of the particle at any time from 
the axis of z; then 
xr=rcos wt, y=r sin ol, 
whence 


9 
Or or ° 
= == COs wt - wr sin of, 
ot ot 
Sr Q2 a 
3 or or” sz . 
quan TE mee COS wt — 2w — Sin wt —- wf? COs wt, 
of Ok ét 
y or 
© C = 
ey = — sin wt + wr cos of, 
ot ot 
oy or. or a 
cy = -—; sin wt + Qu — COS wt - wr sin wt ; 
ot ot ) 


Nol. i dah AREER a 


ery ‘. dz , or 
Let the initial values of z, = be 0, (3; and those of r, 
dt ot 
be a, a; then, from the equations (2) and (4), after executing 
obvious operations, we shall obtain 
z=1gt' + pt, 


wr =(wa + a)e* + (wa - aye”, 
and 


1 (wr" + a’ =- wa) + w? 
oe —-——— = 


Ww o\1 

= 20z 7S xn . 
“ee +) B}; 
the two first of these equations give the position of the particle 
on the revolving plane, and therefore, by virtue of the equation 
(1), the absolute position of the particle at any time ; while the 
third is the equation to the path which the particle describes 
on the plane. 


a+ wa 
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II.—REMARKS ON THE BINOMIAL THEOREM.” 


‘THe proof given by Euler of the Binomial Theorem appears 
to depend upon a casual result of multiplication, and has 
sometimes been called tentative. ‘This proof may be seen, in 
an extended form, in M. Lebefure de Fourcy’s treatise on 
Algebra; but the apparent casualty still remains. In the fol- 
lowing sketch, this defect, for such we may suppose it to be 
from the remark it has excited, is removed to the extent of 
placing the general theorem on the same footing as its par- 
ticular case when the exponent is an integer; and so as to 
embrace the more extended form just alluded to. 

1. In the common multiplication of a+ by itself repeat- 

edly, the process shows that the successive 


1 1 coefficients are as at the side, where each 
> a one is made by adding the one vertically 
13s 8s i1 above it to the one above it on the left. 
1 4 6 4 1 But if m, signify the number of ways in 


which m can be selected out of 2, it is 
obvious that 

m=m .+(m—1)_; 
whence it easily follows that the m** variable number in the 
n> row is m,. Hence the binomial theorem easily follows for 
an integer exponent. 

Now let there be a succession of symbols, A, B, C, &c. such 
that the change which converts A into B, converts B into C, 
C into D, and so on: and let a, d, ec, &c. be another set having 
the same property. ‘Taking the expression 4 +a, make a 
succession of similar operations as follows:—each operation 
consists in making the change with respect to A, and multiply- 
ing by A, doing the same with «, and adding the results. 
Let © be the sy mbol of this operation. We have then 


0(4A+a)=AB+ Aa 
Aa+ab= AB +2Aa + ab, 
0’ (4 + a)= ABC+2ABa+ Aab 
+ ABa + 2Aab + abe 
= ABC+ 8ABa + 3Aab + abe, 


and soon. When ABC,...and abe.... contain x factors, 
let them be A, and a, ; we have then 


6"(4+a)=A,+nA, a+ Pl " zt. td,» 


which is an extension of the binomial eae Observe that 





* From a Correspondent. 
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the right of 6” (A+a) to the designation (4+a), is not universal. 
Now let 
B=A+8, C=A+ 28, &., and b=a+8, c=a+ 26, &e. 
we have 
0(A+a)=(A+a)(A+a+0), &. or O'(4+a)=(A+a), 
whence the above theorem is true when P, means P"*, and 
there readily follows, 1.2.3, ...2 being denoted by [7], 
(Aia) A, Aa, A, G, Se 
te Yt + nt ee tet 
[7] [~]. [w-1][1] [#-2][2] [7] 


or the series 1 +(A+a@),2+(A4+a),=+ .. is the product of 


n 


, 2 x 
the series 1 + Az + 4,5 t+.,and1+a,%+a,—+..3 


~ 


from whence, by the usual consideration of the equation 
~(A+a)= 9A x ga, it follows that 


2 2 
{14+.Azr+A (A+ 8) St. .}™=1+mAx+mdA (mA+0)=+.... 


for all possible values of m. And A=1 d=-1 gives the 
binomial theorem, while Az = 1, d= 0 gives the exponential 
theorem. 

A. D. M. 


IIl.—ON THE PROPERTIES OF A CERTAIN SYMBOLICAL 
EXPRESSION. 
By Artuur Cayzey, B.A. Trinity College. 
THE series 


S207 (aa B - ae x m a’ ‘\ 
Spor Sp\G tO wear Pel eee ae Smee tar 7 Ome (ee 
sli } lol’da’ lim db 





1 
{(1+d)a+(L+m)0....}! 
( 
z 1 
6.= ———— ee Wx pees eee Ye seer ee )s 
(« el er usp) Y) 


possesses some remarkable properties, which it is the object 
of the present paper to investigate. We shall prove that the 
symbolical expression (¥) is independent of «, 6, &c., and 
equivalent to the definite integral 

¥ v dr 


’ 







r a / ° a 
“° 31 + dz") (1 + mz’)... 


) 
} 
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a property which we shall afterwards apply to the investiga- 
tion of the attractions of an ellipsoid upon an external point, 
and to some other analogous integrals. ‘The demonstration 
of this, which is one of considerable complexity, may be 
effected as follows: 
3 2 
Writing the symbol x & ' ¢ pens = — 
the form 1+/2 da 1+m db 


a P a” . a i d’ 1 d* 
—"s — a 5 om (sat a ae 
da db’ dé 142 da 1+m db 
: 1 a ' 
=A- (; reo Ree oe .) suppose. 


Let the p™ power of this quantity be expanded in powers 
of A. The general term is 


p-(p-1)....(p-q+1) ,..f 1 @ a 
at? 2 ne dh) | ee 
CY 1.2....9 - 1+ da 


which is to be applied to 


under 





7 1 - 
{(1+2Z)a’....} 


Considering the expression 


2% d? q _ ; 
tei‘ a “HD+ ceed 


“pe . 2 2 d* d* 
if for a moment we write (1+/)a’=a7, &c. A 


=—,; + “772 
' da; db, 


p,= a, + b%+0?...., this becomes 


1 
bhier. 
Py " ( — 
ee . 1 Qe .(22 +2—-nNn) 
Now it is immediately seen that A, — =——~—,;;-———" 


; Py Pi 
from which we may deduce 


Ae 1 20.(2¢ + 2)...(2¢ + 2g — 2) (27 + 2 —N)...(27 + 2g — 0) 
== eceendiceeemeeneminies: >: puccmammenmh erumennacaaiti 
Py p, 
or, restoring the value of p,, and forming the expression for 
the general term of (w), this is 
- n+l 
op: p a aceaee ec 1 os 
(a+b. .+ la’ + mb’+&c.} 


5 


1 
"(+B +, 4 la + my 


te rd 
-F oi. (2i+ 2m) ar 


+ &e. 


p representing the quantity a* + 0° + &e. 
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Hence, selecting the terms of the s‘* order in /, m, &c. the 
expression for the part of (W) which is of the s order in 1, m, 
&c. may be written under the form 


(~1¥ "7, 











Sy 0 Perr s 
multiplied by 
1 is U 
Fc.(@4+1)....(¢+8-1) a. — 
| p y 
| -P of (264 2-n)(¢41).... (+8) a” =i 
é 1 ; p 
-p-l .,. oe 
TZ 2e.(224+2) (2e+2—mn) (22+4—-n) (242). .(2+8+1) AP™ 7 
| Lae ac 
L _ &e., (la* + mb*.... =U suppose] 
which for conciseness we shall represent by 
(-1F eas 4 E U 
Se peer Spo p + Sp a, A e p' 
) U 
| Aa. 
: * p 
_Pp.p-l Ar? 
l 9 Ys r * é+e+2 
4 p 
S' suppose. L — &e. 


Now U representing any homogeneous function of the 
order 2s, it is easily seen that 
a ar U 
A —=— + 20.(22+2-4s-n)—. i 
t ‘ t* m 
p p p ; 
And repeating continually the operation A, observing that 
AU, A’ U, &c. are of the orders 2(s — 1), 2(s — 2), &c. we at 
length arrive at 


a. ZL A’. 7. : 


p p 
¥ 
oe 3 
+E 2i.(2i + 2g - 48 -»)anv.—. ; 
] 
' c 2. 2i+2) (24+29—4s—m) (2i+2g-4s-n-2) Av? 


pP 


oa 


+ Qe. (2t+2), .(2t+2q) (2+ 2g-4s-n), .(2¢+2-4s—n) — 


tq’ 


as 
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Changing ¢ into s+#+¢', we have an equation which we 
may represent by 
U A’.U At'.U U 
A’ —_— = A ; a | + VA a? ee (a), 


Stitt oe’ Brite Wo  gtiti'el °° ya siitiig 


p p p p 
where in general 
q-\¢g-1)....(¢g-7+1) 


P 
A,, = 
me 2 A 


" 


x (26 + Qe + Qe’) (Qs + Qe + 2).... (28 + Qe’ + Qi + Vr - 2) 
x (20 + Qe’ + 2g - Qs— MN). ... (22+ 2+ 2 - Qs — N - Qr + 2). 


Now the value of S, written at full length, is 





1) Ty ¢s U 
— fp" {| a, A? — 4 “fa 
Se a” eo 
GF ex ~ 8 
oe Yl aA” — +4 ae B,A° 2 ayer 
i 1 ; oo 
( + &e. 


and substituting for the several terms of this expansion the 
values given by the equation (a), we have 
(-1/ 1 
fot (pk. Ae... +40 
yO aasaod p p’ 
where in general 
4 T ” 14 


ky = a, (*A, 0s s-1.0 Gent eis 


ef : (s—-x+1) 
BPM Aah oo re ; ae 


fs .($-1).... (8-x +1) 
r a = ee 5 
i eee oe 


X, being the (x + 1)" of the series a,, 3,.... 


F 
Substituting for the quantities involved in this expression, 
and putting, for simplicity, 2¢+2-n=2y, we have, without 
any further reduction, except that of arranging the factors of 
the different terms, and cancelling those which appear in the 
numerator and denominator of the same term, 
( Ly ky 


er 


(-1y9*(1-y)(2-y)....A-y) 
eR ee TS he %). 6 5 ok 

























1 41 1 bs 
Gr0tt). (0+84+x—- {147 — _ vy )x(x-1 ) 4....(x+1) terms i 
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multiplied by the series 


LU 1.y) © 1.2 (x7) (x-1-y) 
(¢+8)...(¢+8+x—-2) (_  yx{x-1). 1 y(y+1) .x-(x-1) (x-2) 
- eee ——— -— - 
l-¥ \ l(x-y) 1.2 (x-y) (x-1-y) 
+... X terms 


x.(x-1)...(x-1+ 1 +t x.e-1)..(x-7) 








, (¢+8— —1+1).. oe i! 














wie = =y) (2=y).lr=yy 1 (x-y) 
.x+l-r terms §& 
to r=xX be 
Now it may be shown that F 
(1-7)(2-y)..-.@-y) bE 
x(x-1), .(z- r+l)+ 5 ee: (x + &c. . .(x+1-7) terms} ‘ 
l a~-¥7 
fx~¥)... +1). x4x~ 1)... e-F+Y) 
a —y)(Q-y). ee &- 7 
which reduces the expression for 4x to the form 
(-1).Ax - 1)" f (¢+8+1), .(¢+8+x-1) 





13. 8 EGS .8.1.2, .(8-x) : 
—(t+8), (i484x-2)= 
4 
x.(x-1) 


+ (048-1), .(0+8+X- 3) ~ a 





| =&c. (x + 1) terms; 
from which it may be shown, that except for x = 0, k, = 0. 
The value x = 0, observing that the expression 


(¢+s+1)¢@+8+2)....@+8-1) 








1 ; 
represents as gives 
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4 _&£ 
h Sa ttn Hex, Oe 
where A = Fai * + , U=(la’+mi’*....y. 






Dee sisi 8 
12..A.1.2..".&e. 
With respect to this, A’ reduces itself to 

AS 20058 d \*x 
ck. 086 eee . ‘il 


and the corresponding term of S is 
(- 1) 

2”.(20+28)(1.2 a 2. .m &e.) 

_(~ ty. ae is. A 


lee ee NI | a Pmt... 
(22 + 2a 2 4 .2X.2.4.... Qu &e. ” 


Consider the term 





a B,D sme... 























1.2. .2A.1.2, .2u &c. Dime... 





a er 1 ae : 
which, omitting the factor rag and multiplying by z*, is 


the general term of the s order in 7, m, n, of 
1 

V{(1 + U2”) (1 + ma’)....} 
The term itself is therefore the general term of 

| x dz ; 

oV{(1 + da) (1+ ma’)....” 

or taking the sum of all such terms for the complete value of 
S, and the sum of the different values of S for s variable, we 
have the required equation 








. dz 
ae laaze Toe 1+mz)....° 


Another and perhaps more remarkable form of this equa- 


a a B° 
tion may be deduced by writing —— &e. fi A 
i y y ee eT c. for a’, B° 
; a P r 
&c., and putting ory hk ore &e. = 1’, l= a’, mi = f’, 
&c., we readily deduce 
' xv". dz 


i 


nw ia a eet 


oft ae’) (9? + Biz’)... .}! 


1 d @ P 1 
= S, a Se a —+ P: se ne 
PO ol 1.2, .p.t(t+1). (ep) (« da’ , db? (a’+b*+0°)’ 
» being determined by the equation 
a 


— in ae a rhs 
n + a n + (>? ‘ 
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or, as it may otherwise be written, 
n=a@+B+ic’- = i - oe — &c. 
n+a 4+) 
n, it will be recollected, denotes the number of the quantities 
a, b, &e. 
Now suppose 


=ff....g¢(a-az, b-y....)dxedy.... 


(the integral sign being repeated n times) where the limits of 


the integral are given "y the equation 

ye y" : y &e. = 

? h? 
and that it is permitted, throughout the integral to expand 
the function ¢(a-—z,....) in ascending powers of x, y, Ke. 
(the condition for which is apparently that of @ not becoming 
infinite for any values of x, y, &c., included within the limits 
of the integration): then observing that any integral of the 
form [f.... 2 y%... dx dy &c.. where either 2. ¢, Se... 
odd, when taken between the required limits contains equal 
positive and negative elements, and therefore vanishes, the 
general term of V assumes the form 


1 d d i 
13. .8r-12, we (ae) (a): Herb. .)]]. a9”. dady. . 


Also, by a formula quoted in the eleventh number of the 
Mathematical Jour: - the value of the definite integral 
ff. .a”y*. .dady, .is 

a ' (yr +21).0 (e444)... 

ada Staal (r+) Tis+)) 


soe ’ 


n 
PUG 490 4 645 a+ 1) 








(observing that the value there given referring to positive 
values only of the variables, must be multiplied by 2"): or, 
as it may be written, 


€ 971) ‘ 901 
ae ee 7 a 1.3....(27-1) 1.3... .(28-1). . 


‘ores n n ; n ’ 
ota 4). “(are a). 15) 


whence the general term of V takes the form 
hh, .0™ 1 1 1 











(3) “hh (; ) (; ) " * grits 19.3. 7.1.2. 18. 
ri — —.{ —+1 }, .| — +748 ].. 
2) 2\2 2 
iT ad’ \' 
fee Tee ls 5 O16)... -<), 
(1 ‘) (1 7) bait 
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And putting r + s + &c. = p, and taking the sum of the terms 
that answer to the same value of p, it is immediately seen that 
this sum is 





x. . n/n n 
a oP € . = ll - 4 
r(*) eae Se A ee (3 1)..($ +2) 


eet a Ge F 
P cn + A* oan ws) pp. 
(1 a *-@ ) iota 


Or the function ¢ (a- z, b-y..,,) not becoming infinite 
within the limits of the integration, we have 


ff....p(a—a, b-y....)dxdy.... 


Qhh,. .10*" 6 1 h? ¢ is (a,b. .) 
n edger n /n n da ‘sini 
r(- 2" .1.2. .p.— +1 (5 tp 


9 a” QQ 





“ 


The integral on the first side of the equation extending to 


; y ' 
all real values of z, y, &c., subject to =, + 4 bvces tl. Sap 
Y 


HA 
h’ 
pose in the first place (a, b....)=—— ———— , 

By a preceding formula the second side of the equation 
reduces itself to 

ee Seb w-' . dz ae 

r G) VA (n+ h'2*) (n° + h7x*).... (Ww factors)} 
2 





a b 
a a Le | 
n being given by oe ey |, 
Hence the formula 
I , dzdy.... 
| eeoe times ——_—— > 
{(a - zy +(b- OF vse jan 
SAA, « «s+ mt ph 2"—! dz 
os r(t } V{(n + hex’) (n? + ha")... (0 factors)} ” 
2 
The integral on the first side of the equation extending to 
: Tee 2 
all veal values of z, y, &c. satisfying at a + Oe... . 21; 
(7 t 


n’ we have seen being determined by 
a b 


—pt 3 -+ &c. = 1, 
‘+h on + h® , 
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Finally, the condition of (a - 2, 6 - ..) not becoming 
infinite within the limits of the chain, reduces itself to 
“e b&b 


+ =:+....>1, which must be satisfied by these quantities. 


he h? 


‘ 


Suppose in the next place the function (qa, d. . . .) satisfies 


U6 | oh +&c.=0. The factor (h’ ¢ + &c.) may be written 
da db da’ 


under the form 


(h h? — BY) © + (h? BB) © +s &e. +h’ (Gta :) 


db’ de® da db’ 
£ 
= (h? - h*) — +& 
Dill ieee 
‘: , ; ce @ ; . 
Since, as applied to the function ¢, aa * det &e. is equiva- 


* db? 
lent to 0, we have in this case 


ff....¢(@-2, b-y....)dedy.... 


1 
OR sca 1 
AS A TR 


r(* ee a 9 n /n 
re © Ree ae fo 2 


a 

(h? —-h®)—, +....7 -9(@,5....)3 
{ ) J o\%, 

or the first side divided by hh,.... has the remarkable pro- 

perty of depending on the differences h? —h’, &c. only the 

generalisation of a well known property of the function V, in 

the theory of the attraction of a spheroid upon an external 





point. If in this equation we put ¢ (@,6.... 


ad’ 


which satisfies the required condition oat &c. = 0, we have 
aa 


= TF a 


transferring (a) to the left hand side of the sign S, and putting 
in a preceding formula, a’= 0, B’=h? - he. , &e. and 7° +h’ 
for 7’, 


tel 


is. in. (a — x) dz om = 
_ 7 ai" a 


{(a- _ zy + - y) . ye 
V(n? + h®) . r( ) 
an-! dx 


1 
: [{a thes? A) a} fn? thes(h *-h?) } .. ("—1) factors] $ ’ 
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where, as before, the integrations on the first side extend 


cue ie ae eas 
to all real values of x, y, &c., satisfying Rt a were te: es 
, = 
. a > 
determined by ; yet &e.=1. And a,b....h,h, &c. are 
nt+h 
2 9 
: a @ .. 
subject to = +—~+&e.....>1. 


h’ h? 


For n = 3, this becomes, 


ee 


(a-x) dx dy dz 
WN 7 


(a- 2x) + (b- y+ (c-2)} 
4ahhh adx 


V(h* +n?) . A V[U{n° ee (h?- h*)x*} {y?+h? \ (h 20 h)z*\) : 
the integrations on the first side extending over the 
ellipsoid whose semiaxes are h, hh, and the point whose co- 
ordinates are a, 5, c, being exterior to this ellipsoid. Also 

a b* ce 
2 See Sena 
y +h n+ h? v+h? 


“ 





= 1: a known theorem. 


IV.—ON THE UNIFORM MOTION OF HEAT IN HOMOGENEOUS 
SOLID BODIES, AND ITS CONNECTION WITH THE MATHE- 
MATICAL THEORY OF ELECTRICITY.* 


[Since the following article was written, the writer finds 
that most of his ideas have been anticipated by M. Chasles 
in two Mémoires in the Jowrnal de Mathématiques ; the first 
in Vol. 111., on the Determination of the Value of a certain 
Definite Integral, and the second, in Vol. v., on a new 
Method of Determining the attraction of an Ellipsoid on a 
Point without it. In the latter of these Mémoires, M. Chasles 
refers to a paper, by himself, in the twenty-fifth Cahier of 
the Journal de I’ Ecole Polytechnique, in which it is probable 
there are still farther anticipations, though the writer of the 
present article has not had access to so late a volume 
of the latter journal. Since, however, most of his methods 
are very different from those of M. Chasles, which are nearly 
entirely geometrical, the following article may be not unin- 
teresting to some readers. | 





* From a Correspondent. 
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If an infinite homogeneous solid be submitted to the 
action of certain constant sources of heat, the stationary 
temperature at any point will vary according to its position ; 
and, through every point there will be a surface, over the 
whole extent of which, the temperature is constant, which is 
therefore called an ¢sothermal surface. In this paper the case 
will be considered, in which these surfaces are finite, and 
consequently closed. 

It is obvious that the temperature of any point without a 
given isothermal surface, depends merely on the form and 
temperature of the surface, being independent of the actual 
sources of heat by which this temperature is produced, pro- 
vided there are no sources without the surface. The tempe- 
rature of an external point is consequently the same as if 
all the sources were distributed over this surface, in such a 
manner as to produce the given constant temperature. Hence 
we may consider the temperature of any point without the 
isothermal surface, as the sum of the temperatures due to 
certain constant sources of heat, distributed over that surface. 

To find the temperature produced by a single source of 
heat, let 7 be the distance of any point from it, and let v be 
the temperature at that point. Then, since the temperature 
is the same for all points situated at the same distance from 
the source, it is readily shown, that v is determined by the 
equation 


, dv 

aw 
dr 

Dividing both members by 7*, and integrating, we have 
i d ’ 5 0? 

A 

rv + C. 
> 


Now, let us suppose, that the natural temperature of the 
solid, or the temperature at an infinite distance from the 
source, is zero: then we shall have C = 0, and consequently 
A 
Se ren « 
> 
Hence, that part of the temperature of a point without an 
isothermal surface which is due to the sources of heat situated 


: . . p,dw- F 
on any clement, dw,’, of the surface, is?“ , where 7, is the 
} - 


1 
distance from the element to that point, and p, a quantity 
measuring the intensity of the sources of heat, at different 
parts of the surface. Hence, the supposition being still made, 
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that there are no sources of heat without the surface, if ¢ be 
the temperature at the external point, we have 


om fete ia 


1 
the integrals being extended over the whole surface. The 
quantity p, must be determined by the condition 


C=O, ....+ (8) 


for any point in the surface, v, being a given constant tempe- 
rature. 

Let us now consider what will be the temperature of a 
point within the surface, supposing all the sources of heat by 
which the surface is retained at the temperature v,, to be dis- 
tributed over it. Since there are no sources in the interior of 
the surface, it follows, that as much heat must flow out from 
the interior across the surface, as flows into the interior, 
from the sources of heat at the surface. Hence the total 
flux of heat from the original surface, to an adjacent 
isothermal surface, in the interior, is nothing. Hence also 
the flux of heat from this latter surface, to an adjacent iso- 
thermal surface, in its interior, must be nothing; and so on 
through the whole of the body within the original surface. 
Hence the temperature in the interior is constant, and equal 
to v,, and therefore, for points at the surface, or within it, we 
have 


- 


du” 

i] as Ri xcvnee 
r, 

Now, if we suppose the surface to be covered with an attrac- 

tive medium, whose density at different points is proportional 


2 


Z [({p,d . tee er ; 
to p,, - Cf] Swill be the attraction, in the direction of 
Pv Oe r 
, 1 


the axis of z, on a point whose rectangular co-ordinates are 
x,y, 2. Hence it follows, that the attraction of this medium 
on a point within the surface is nothing, and consequently p, 
is proportional to the intensity of electricity, in a state of 
equilibrium on the surface, the attraction of electricity in a state 
of equilibrium being nothing on an interior point. Since, at 


dw ¥ . . 
the surface, the value of pir. is constant, and since, on 
, 


that account, its value within the surface is constant also, it 
follows, that if the attractive force on a point at the surface 
is perpendicular to the surface, the attraction on a point 
within the surface is nothing. Hence the sole condition of 
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equilibrium of electricity, distributed over the surface of a 
body, is, that it must be so distributed that the attraction on 
a point at the surface, oppositely electrified, may be perpendi- 
cular to the surface. 
Since, at any of the isothermal surfaces, v is constant, it fol- 
lows, that _ where z is the length of a curve which cuts 
é 


a? 
all the surfaces perpendicularly, measured from a fixed point 
to the point attracted, is the total attraction on the latter point ; 
and that this attraction is in a tangent to the curve ”, or in a 
normal to the isothermal surface passing through the point. 
For the same reason also, if p, represent a flux of heat, and not 


5 oho ; dv. 
an electrical intensity, —— will be the total flux of heat at the 
dn 


variable extremity of 7, and the direction of this flux will be 
along ”, or perpendicular to the isothermal surface. Hence, 
if a surface in an infinite solid be retained at a constant tem- 
perature, and if a conducting body, bounded by a similar sur- 
face, be electrified, the flux of heat, at any point, in the first 
case, will be proportional to the attraction on an electrical 
point, similarly situated, in the second; and the direction of 
the flux will correspond to that of the attraction. 


dv dv 7 
Let — —' be the external value of — —, at the original sur- 

dn, dn 
face, or the attraction on a point without it, and indefinitely 
near it. Now this attraction is composed of two parts; one the 
attraction of the adjacent clement of the surface ; and the other 
the attraction of all the rest of the surface. Hence, calling the 
former of these a, and the latter b, we have 


dv 


-—t=a+b. 
dn, 
Now, since the adjacent element of the surface may be taken 
as infinitely larger, in its linear dimensions, than the distance 
from it of the point attracted, its attraction will be the same as 
that of an infinite plane, of the density p,. Hence a is inde- 
pendent of the distance of the point from the surface, and is 
equal to 27p,. Hence 


dv, rs 
- 7! = 2p, +b. 
dn, 


Now, for a point within the surface, the attraction of the adja- 
cent element will be the same, but in a contrary direction, and 
the attraction of the rest of the surface will be the same, and 
in the same direction. Hence the attraction on a point within 
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the surface, and indefinitely near it, is — 27p, +; and conse- 
quently, since this is equal to nothing, we must have b= 27p,, 
and therefore 
dv, 4 (5 
~ dn, TP, +++ (dO). 


Hence p, is equal to the total flux of heat, at any point of the 
surface, divided by 47. 

It also follows, that if the attraction of matter spread over 
the surface be nothing on an interior point, the attraction on 
an exterior point, indefinitely near the surface, is perpendicu- 
lar to the surface, and equal to the density of the matter at the 
part of the surface adjacent to that point, multiplied by 47. 


If v be the temperature at any isothermal surface, and p the 
intensity of the sources at any point of this surface, which 
would be necessary to sustain the temperature v, we have, 
by (5), 

dv 


dn 


which equation holds, whatever be the manner in which the 
actual sources of heat are arranged, whether over an isother- 
mal surface, or not; and the temperature produced, in an 
external point, by the former sources, is the same as that pro- 
duced by the latter. Also, the total flux of heat across the 
isothermal surface, whose temperature is 7, is equal to the total 
flux of heat from the actual sources. From this, and from 
what has been proved above, it follows, that if a surface be 
described round a conducting or non-conducting electrified 
body, so that the attraction on points situated on this surface 
may be every where perpendicular to it, and if the electricity 
be removed from the original body, and distributed in equi- 
librium over this surface, its intensity at any point will be 
equal to the attraction of the original body on that point, di- 
vided by 47, and its attraction on any point without it will be 
equal to the attraction of the original body on the same point. 


=47p, 


If we call EZ the total expenditure of heat, or the whole flux 
across any isothermal surface, we have, obviously, 


fd ‘ 
E=-|[> du’. 
dn, 

Now this quantity should be equal to the sum of the expen- 
ditures of heat from all the sources. ‘To verify this, we must, 
in the first place, find the expenditure of a single source. Now 
the temperature produced by a single source is, by (1), 
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A : : : dv 
v= —, and hence the expenditure is obviously equal to - _ 
r Ps 
x 47’, or to 4r-A. If A=p, dw,’, this becomes 4rp,dw,’. Hence 
. . . dv : 
the total expenditure is [f4mp, dw,*, or - [2 dw,*, which 
. 1 


agrees with the expression found above. 


The following is an example of the application of these 
principles. 


Uniform Motion of Heat in an Ellipsoid. 


The principles established above, afford an easy method of 
determining the isothermal surfaces, and the corresponding 
temperatures, in the case in which the original isothermal sur- 
face is an ellipsoid. 

The first step is to find p,, which is proportional to the quan- 
tity of matter at any point in the surface of an ellipsoid, when 
the matter is so distributed, that the attraction on a point 
within the ellipsoid is nothing. Now the attraction of a shell, 
bounded by two concentric similar ellipsoids, on a point within 
it, is nothing. If the shell be infinitely thin, its attraction will 
be the same as that of matter distributed over the surface of 
one of the ellipsoids, in such a manner, that the quantity at 
any point is proportional to the thickness of the shell at the 
same point. Let a,, 5,,¢,, be the semiaxes of one of the ellip- 
soids, a, +8a,, b,+ 8, c, + dc,, those of the other. Let also p, 
be the perpendicular from the centre to the tangent plane, at 
any point on the first ellipsoid, and p, + dp, the perpendicular 
from the centre to the tangent plane, at a point similarly 
situated on the second. Then éy, is the thickness of the shell, 
since, the two ellipsoids being similar, the tangent planes at 
the points similarly situated on their surfaces, are parallel. 
te a a a 
Also, on account of their similarity, = == - m= rm‘ 

1 
consequently the thickness of the shell is proportional to p,. 
Hence we have, by (5), 


, and 


-——=p,=hkp,......(@, 


where k, is a constant, to be determined by the condition 
v = v,, at the surface of the ellipsoid. 


‘lo find the equation of the isothermal surface at which the 
temperature is v, + dv,, let - dv, = C, in (a). Then we have 


eked cei 
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Y 


C , . ‘ 
k, p, dn, = ye TP dn, =0,, where 6, is an infinitely small 


constant quantity; and the required equation will be the 
equation of the surface traced by the extremity of the line dn,, 
drawn externally perpendicular to the ellipsoid. Let 2’, y’, z', 
be the co-ordinates of any point in that surface, and z, y, z, 
those of the corresponding points in the ellipsoid. Then, call- 
ing a,, 3,, y,, the angles which a normal to the ellipsoid at the 
point whose co-ordinates are x, y, z, makes with these co-ordi- 
nates, and supposing the axes of x, y, z, to coincide with the 
axes of the ellipsoid, 2a,, 2b,, 2c,, respectively, we have 


z 
-; dn, 
a’ 


U 
a -x=dn,cosa,= a 
Var tart a 
1 1 C, 


or z' -x=—; 9, since 9, is infinitely small, and therefore also 
a 


w=27(1- | 
id a,) 6, 
1 + 


In a similar manner we should find 





x z 
=—p,dn,=—0 
a, a, 


1 
x ~x; whence 





U U 


y = nee 22x : 








’ ( ° 
1+ + 1+—- 
b, C, 
x ye st 
But — + | + —,= 1, and hence we have 
a, b, C, 
a” y” 2” 
0 eg 0 \ + 0 ._~ 1, 
a7 {1+ bP(14+4) ef(14+- 54 
a? b Cc,” 
1 1 1 
12 12 a2 


” a, +20, 6° +20 ‘ c,” +20, Is 

for the equation to the isothermal surface whose temperature 
is v, + dv,, and which is therefore an ellipsoid described from 
the same foci as the original isothermal ellipsoid. _ In exactly 
the same manner it might be shown, that the isothermal sur- 
face whose temperature is v,+ dv, + dv’, is an ellipsoid having 
the same foci as the ellipsoid whose temperature is v, + dv,, 
and, consequently, as the original ellipsoid also. By continu- 
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ing this process it may be proved, that all the isothermal 
surfaces are ellipsoids, having the same foci as the original 
one. 

From the form of the equation found above for the isother- 
mal ellipsoid whose temperature is x, + dv,, it follows, that 0, 
or p, dn, is = a, da,, where da, is the increment of a yy corres- 
ponding to the increment dn, of n,. Hence, if a be one of the 
semiaxes of an ellipsoid, a + da the corresponding semiaxis of 
another ellipsoid, having the same foci, dn the thickness at 
any point of the shell bounded by the two ellipsoids, and p 
the perpendicular from the centre to the plane touching either 
ellipsoid at the same point, we have 

a 
da p 

All that remains to be done is to find the temperature at the 
surface of any given ellipsoid, having the same foci as the 
original ellipsoid. For this purpose, let us first find the value 


. ad i — 
of 7 at any point in the surface of the isothermal ellipsoid 
dn 


whose semiaxes are a, b,c. Now, we have, from (a), 


where & is constant for any point in the surface of the isothermal 
ellipsoid under consideration, and determined by the condition, 
that the whole flux of heat across this surface must be equal 
to the whole flux across the surface of the original ellip- 
soid. Now the first of these quantities is equal to ark ff pde*, 


ha 
(dw being an element of the surface) or to drs | {spade ; 


ca Op = 
since — = -2. But ff épdw* is equal to the volume of a shell 
eal by two similar ellipsoids, whose semiaxes are a, b, ¢, 
and a+ da, b+ 8b, c+ de, andi y yaaa readily shown to be 


equal to 47 = abe. Hence we 3a = ff dpdw*, or 4rk ff pdw* is 


equal to 4°m*kabe. Ina idler manner we have, for the flux 
of heat across the original isothermal surface, 4’x°k, a,b,c,, and 
therefore 


"habe = 4n*ka.bec 


a a at 


? : abe 
which gives k =k, +++, 
, 1 abe 


ee i 
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Hence, we have 


ee i. Terre 
dn * abe 
The value of » may be found by integrating this equation. 
To effect this, since a, 6, ¢ are the semiaxes of an ellipsoid 
passing through the variable extremity of », and having the 
same foci as the original ellipsoid, whose axes are Gs Gin Me 
we have 


@-a/=-8-bi=c-c’; 


’ 


which gives J’ =«a@° — f° 
e=a-¢ —— 
where f* =a, - 7, g =a? - | 
Hence (c) becomes 


_ do = 4nrk, —— ‘ a,b,c, p ss ea 
dn ‘av(a’ —f*) Via — g’) 
la 
Now, by (4), dn = pose , and hence 
p 


. ; a,b,¢, da 
Pane anh, Va az f’) Ve -/) ‘ 


Integrating this, we have 


la ; 
v =- 4rh,a,b,c, [ ne Renner (33 


JV(a@ - f°) Ve - g’) 
The two constants, 4, and C, must be determined .by the 
conditions v=v, when a=a,, and v=0 when a=; the 
latter of which must be fulfilled, in order that the expression 
hp. dw? 
found for v may be equal to | | a... 
To reduce the expression for ¢ to an elliptic function, let us 
assume 


a =f cosec p | 
Spina possess PD 
a, =f cosec ¢, 
which we may do with propriety, if f be the greater of the two 
quantities f and g, since a is always greater than cither of 
them, as we see from (d). On this assumption, equation (e) 
becomes 


os a ei ee gee 
f J, Wc? sin® §) r; 
where ¢ =% (9). 
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Determining from this the values of C and k,, by the con- 
ditions mentioned above, we find C= 0, and 


5 eee 
" Babere  O3 


hence, the expression for v becomes 


i" 
v=2, aoe eniniankadeen ee 
e 1 

The results which have been obtained may be stated as 
follows :— 

If, in an infinite solid, the surface of an ellipsoid be retained 
at a constant temperature, the temperature of any point in the 
solid will be the same as that of any other point in the surface 
of an ellipsoid described from the same foci, and passing 
through that point ; and the flux of heat at any point in the 
surface of this ellipsoid will be proportional to the perpendi- 
cular from the centre to a plane touching it at the point, and 
inversely proportional to the volume of the ellipsoid. 

This case of the uniform motion of heat was first solved 
by Lamé, in his Mémoire on Isothermal Surfaces, in Liou- 
ville’s Journal de Mathématiques, Vol. 11., p. 147, by showing, 
that a series of isothermal surfaces of the second order will 
satisfy the equation 

dv dv dv 
—.+— ~+-—, =0, 
dx” dy’ dz 


provided they are all described from the same foci. The 
value which he finds for » agrees with (e), and he finds, for 
the flux of heat at any point, the expression 
_ — KA_ —_—— = 
Vu? — *) Vu? - p’)’ 
or, according to the notation which we have employed, 


4rk,a,b,c, 
V(ae- *) V(a-p’) ’ 
where y is the greater real semiaxis of the hyperboloid of 
one sheet, and p the real semiaxis of the hyperboloid of two 
sheets, described from the same foci as the original ellipsoid, 
and passing through the point considered. Hence a’, »’, p’ 
are the three roots of the equation 





2 2 


2 4 z 
=— + : + aie Ss i. 
u u-f* u-g 


or Pagiriyie) eS Sig weigy sf?) ufye-0. 
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Hence av? o = f*7*z4, 
and av? + a%p? + vp? = f2g? + (f? + g?) a2 + gy? + fr’. 
Therefore, 


977,272 
‘ 2 2 2 22 : ay 
2 2 2 4 2.2 2.2 2.3. 
(a — ¥) (a - p)=a@ -av—-dp—-yvp + aah 
ae 


2 ar 
=a'— { fg’ + (f? + JQ)e+/y + frz 4 efy 
=¢@ =(@ — b°) (a - ¢) - (20° - BY - ¢) ie a’ sid i 

= (a ~ 2") 242 (a us 2°) tat. ae 
a 


= a'— (a? ~ ?) (a? - c) - (0? + ce) 2? - (a? - 2) y? 


-(7 - 3) 2+2 Be ( = y = 5) 
Y ¢ 


= a‘ —(a? — b?) (a? — c?) — (0? + *) x®— (a*+ €?) y2— (a4 B?) 27+ 2 Be? 
= ab? + ac? + bc? - {(b? + c?) 2? + (a? + €*) y? + (a? +B?) 2}; 


which is readily shown, by substituting for a°b’ + ac + Be’ 


, ae a a abc 
its equal (a°b’ + a’c’ + bc’ n(S +24 :) , to be equal to ——. 
a b C Pp 


: dv. 
Hence the expression for - Tn? given above, becomes 
dn 


a,b,c, 
abe 





yD 


which agrees with (ce). 


Attraction of a Homogeneous Ellipsoid on a Point within 
or without tt. 
as da . a . 
If, in (c), we put 4, = 4 , the value of — - at any point 
1 
will be the attraction on that point, of a shell bounded by 
two similar concentric ellipsoids, whose semiaxes are 


a, a, V(1 -e*), a, v(1 - e”), 


and a,+da,, (a,+da,) V(1-€&), (a, +da,) V1 -e”), 


where a’ — b’ = a, - b? = a,e’ | 


and a’ -c=a/-c?=a;e" J 


Pe eee ey 


the density of the shell being unity. Now this attraction 
is in a normal drawn through the point attracted, to the sur- 
face of the ellipsoid whose semiaxes are a,b,c. If we call 


M 
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a, 3, y, the angles which this normal makes with the co-ordi- 
nates x, y, 2, of the point attracted, we have 





x 
a Pr 
cos a= . = 59 
le oy =z a 
V ¢ © ¢ 
— ny pz 2 
and similarly, cos (3 = Y » COB Y="T- 
} F 


Hence, calling dA, dB, dC, the components of the attraction 
parallel to the axes of co-ordinates, we have, from (c), 


ae 
dA = 47x as pda, 
abe 


dB = Any 6 i ree 


ab’c 





b Cc 
dC = 4az ++ pda 
abe’ v _ 


The integrals of these expressions, between the - limits 
a,=0, and a, =a,, are the components of the attraction of an 
ellipsoid whose semiaxes are @,', b,', ¢/, or a/, a) Vv(1 - &), 
a, V(1 —e”), on the point (x, y, 2). Now, by (1), we may 
express each of the quantities 4, c, b,,¢,, in terms of a and 
a,, and the equation 


re ¥Y 2 x D Zz 
nah y t+—-=l1, or —4 = rl pet 
ae « - ea, 


#1... (8), 


: Ss < a — ea? 


enables us to express either of the quantities a, a,, in terms 
of the other. ‘The simplest way, however, to integrate equa- 
tions (2), will be to express each in terms of a third quantity, 


Eliminating a from (3), by means of this quantity, we have 
. , 
re y” 2 
af=Ux+ +s 
eS -¢& t'-C6’ 





Hence a,da, = 


: 3,2 32 

eee? + = See a \ 
L (u* — ey 
. P ' 
a 


y=) 4 
jt + ‘) au 


-———, > du 
(w~— ey ys 


a 
du = a,'p*u~du. 


Ris 


PEEL SEITE IE 


CC 








a 
tl 
Pp 


in 


ell 
eX] 
COU 
the 
by 


tion 





we 


ST TES 


COS TE LEE 


a 











On the Motion of Heat in Solid Bodies. 83 


¢ 


. t 5 . > 
Also, from (4), we have a=-'; from which we find, by (1), 
eu se iis 


a 2.2 a, , m2 2 
b= - v(1- eu’), c=— vV(1- eu’). By (1) also, b, =a, v(1—-e')s 
t u 9 
c,=a@,V(1-e"). Making these substitutions in (2), and inte- 


grating, we have, calling a’ the value of a, when a, = a,, 











A = 4x V(1-e*) V(1-e”) | a widu ) 
» V(1-eu’) V(1-e7e’) 
P i 2) if 2 aw udu 
B= 4ry V(1-e") V(1-e ) — ne q (5) 
° (l-eu’) (1 -e*e*P 
1 0?) /1_0!2 ra udu 
C= 4mz v(1-e*) V(1-e )| ———- — 
0 (1-eu’)’ (1-e7u*)'J 


If the point attracted be within the ellipsoid, the attraction 
of all the similar concentric shells without the point will be 
nothing ; and hence the superior limit of w will be the value 
of & at the surface of an ellipsoid, similar to the given one, 

a 
and passing through the point attracted. 


Now, in this case, a,=a, since a is one of the semiaxes of 
an ellipsoid passing through the point attracted, and having 
the same foci as another ellipsoid (passing through the same 
point), whose corresponding semiaxis is @, Hence, for an 
interior point, we have 


; aie urdu 7 
A = 4 « 1 ie J - ” —_— —< ee Se 
aera | (1 - ew) vA -ew) 


0 


| 2) 4/ rm urdu 
B = 4rry V (1 _ e") V(1 _ é")| ee : ae 7 
wt - &u’) (1 _ ong f ee )e 
r urdu 


1 


C= 4rz v(1 _ e*) v(1 ~ )| siemens 
01 - ewy*(1 — eu)’ 





These are the known expressions for the attraction of an 
ellipsoid on a point within it. Equations (5) agree with the 
expressions given in the Supplement to Liv. v. of Ponté- 
coulant’s ‘ Théorie Analytique du Systeme du Monde,” where 
they are found by direct integration, by a method discovered 
by Poisson. They may also be readily deduced from equa- 
tions (6), by Ivory’s ‘Theorem. Or, on the other hand, by a 











S4 On the Limits of Maclaurin’s Theorem. 
i comparison of them, after reducing the limits of the integrals 
i ne : ; 
: to 0 and 1, by substituting — ve for aw, with equation (6), 
a ; 


Ivory’s Theorem may be readily demonstrated. 


P. Q. R. 


V.—ON THE LIMITS OF MACLAURIN’S THEOREM. 
By A. Q. G. CrauFurp, M.A. of Jesus College. 
To express by a single term the series which remains after 
the first 2 terms of Maclaurin’s series are taken.. 


a 


Let Cu denote the coefficient of a" in the development of 


n 
a function of a which is represented by w. 
Let f(@) represent any function of z which is developable 
in a series of positive ascending powers of x; and, first, sup- 
pose the series to be finite, and to contain m +1 terms. 


; Then, 


¥ a a a a 
Sf (z)=Cf(a)+xCfla)+a#Cf(a)....+2*Cf(a) 
0 1 2 n 
a a a 
2" Cf(a)+z"?Cf(a).... 2 Cf(a). 
nel n+ 
: a a a. 3 te 
Now C f(a)= CL) | and C f(a) = epAcl, a ) 
nel n a n+p n 
Therefore the second line _— series 1s allies to 
a ( a f 
a C f(a)+ 2x coe ) J(a) PP aes * Ja) | ’ 
Laat a a nna”) | 
ee x oo a wee 
or z"" C fla ai be t+ once tS 
CS ) \ aia a(n") | 
a” n 
af) = ‘| 
- a |F —- 
ae P 
7 | 
a 
- ae I (a) a” rn a” ‘) 
i} = il ( - 5 ese 
nal qa” (n+ ) £ oni a 
¥ a mn mn 
ey" ¢C “1 E(fa ) ) : 
f m -a / 
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On the Limits of Maclaurin’s Th 


l d”™u 
But Cu = = ae) 
» ta... s 


consequently the last expression for the remainder is equiva- 


lent to 
nel 7” wn m-n 
BY ( , a all 
¢...0m' \dar I" 
1.2..00m \da LO Jac 


If the development of f( x) is infinite, the terms beyond the 
(n + 1) will form the series 


yn {C f(a) + rol . 2ot » + &¢c. to infinity ‘i. 
nel n+l a 


ail @ 


This series is equivalent to 


.. 22 . ee 
CHa) {1+-—+-+ &c. to infinity} 
t a a 





5 f(a) i d= f(a) 
06 OE 1) ° det e 
n [2 aes meeee | 1 9 = | 
a a) aco 
By means of this expression Maclaurin’s theorem becomes 


2 (afd , # fafla) 
F(a) ={f(@)} ano + it & f.. "72 dat fo. 


2” i i + Pins Ae fin) et 





1.2..n\ da” J, 1.2. .(v4+1): da" x 


a J azo 
In like manner we may sum any number of terms of 'Taylor’s 
series. 
For this purpose I observe, that the coefficient of ” in the 
development of f(« + h) is 


Cf +a) or gaa = I 


Therefore 
S(a+h= Of (a +a)th C" pfere) +#C Sh (e +2 + &e. 


= C fla + a(1 + A + . + Se.) 
0 a a 
Hence, the terms which follow the (” + 1)" are, 
Cpls a) (i +" : x i +e.) 
a 
- wr GLa) +a (: ih 5 &e.); 
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a 
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F (m +1) terms of this last series are equivalent to 
: h™ 1 
i oon B 
{ jr" 0 I(x - 7 4) ed 
a) a" eee 
ae 
a 








“WO F(x + a) ne — aq” : A 
=f . ; 
minel y/ i" 
0 a ;=¢ 


which is equivalent to 


a m+] pmrl 
ieee 6 l F(a +a) h a". 


mend \' h-a J F 


or, if you will, 


hr a™ 1 hm — a” 1 
cea tenes Miele Coogee 
+ 22 + 1) Tai f h és asd 





i ees a 


If the series is infinite, the terms which follow that affected 
with h” are, 


hn oFe M te (1 ; A + . + &c. to infinity 
0 a” a a 
=} ¢ (ies i a. aa Sle -+ a) . 


| i! J 1.2... (m+ te da** h 
a 


Hence Taylor’s theorem becomes 


h df(a t) h’ at A 


S(a+hj=f (x) + 1 — wee TD) + Be, 


_ df (x) ‘ { d™'  f(x+a) 
L268 2 1.2... .(#tl1) a 12 { . 


a 


It is scarcely necessary to observe, that the same method 
which was employed to sum the Remainder of Maclaurin’s 
series, is applicable to a series which contains negative as 
well as positive powers. 


See 
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VI.—SOLUTION OF A PROBLEM IN ANALYTICAL GEOMETRY. 












By J. Boorn, 
Principal of, and Professor of Mathematics in, Bristol College. 


Tue line which joins the points of intersection of two focal 
right lines, containing a given angle 0, with the conic section, 
envelopes two conic sections having their foci coincident with 
the focus of the given section ; and if ¢ and ¢’ be the eccentri- 
cities of the loci, e of the given section, p and p’ the parameters 
5 of the loci, P that of the given section, we shall have the 
re following relations between the eccentricities and parameters 
of the three conic sections, 








° 12 


e+e=¢, pr+p =P. 
Let the equation of the given section be 


b zx ¥»¥Y we FF 
t —= + Se — —= =... oe (I), 
F ae a @ 
; a , 
the origin being placed at the focus and the axes parallel to 
f the principal axes of the section. 
Let (y'z'), (yx), be the co-ordinates of the points in which 
the sides of the given angle @ intersect the curve: the equa- 
tion of the line passing through those points is 
y —Y 
f y-y =——* (t- 27’). ....6...(2)3 
; t-Tz 
¢ or if y = mx eee (3), Yy ™ mx eee (4 ) 
k be the equations of the sides of the angle, we find, eliminating 
‘ y', y , between (2), (3), (4), 
F ' ' 
b , mx-mx ; . 
5 yY —-mx = ———— («-2@).... (5). 
& tL-2z 
é P : 
Let £ and v denote the reciprocals of the intercepts of the 


axes of X and Y by the right line (5); then 
1 1 P 
-=mv0+e.... (6), —==mv+é.... (7%). 
x x 
Now, eliminating (z’, y’) from the three equations (1), (3), 
(6), we find the quadratic equation 
(a’ — b*v*) m? — 2 (baev + bYév) m + 8 — 2aeb% - UY = 0... .(8). 





Now this is precisely the equation we should have found 
for m'; hence m and m' are the roots of (8), or 
, Baev + Biv , 8 2abee — 6% 
m+m = —, s-» mm = ——,—,; ; 
a-otv a — be’ 
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toe 


Qab {b* (3? + v*) + Qaek - 1} 


hence m-—-m' = . 
— bv" 


Let the quantity under the radical sign be called I; then 
m—-m +2abV(M)_ 


tan 6 = —— = ——. : 
1 + mm a-omM 


or solving this quadratic equation, we find 
a (1+ cos 0 
M = —,-; : 
_ & sin’ 6 
or replacing for M its value, reducing and taking the lower 
sign, we find 


bY (2 + 0”) Qhae .é 
“+ en 5 sca tes 


erat | war 
( + a” tan” 5) B+ a tan’ : 


had we taken the upper sign, we should have found for the 
tangential equation of the locus 





bY (2 4 v’) 2b'ae.é : 
t i rene 





: Sa . Ss cu 
b+ a cot’ = 6° + a cot’ 


~ “ 


Now, in these equations, as the coefficients of £ and v are 
equal, the foci of these sections are at the origin, or coincide 
with the focus of the given section. 

To determine the axes, &c. of these loci. The tangential 
equation of a conic section whose semiaxes and eccentricity 
are A, B, and ¢, the origin of co-ordinates being at a focus 
and parallel to the axes of the section, 1s 

BC+ 0°) + 2Ae.E=1...... (a) 


Comparing this equation (a) with (9), we get 





z 5° b°ae 
B = 6° A¢g = a 
B+ @ tan? Bb’ + a& tan’ . 
9 ‘ 
0 y BP 8 , 
hence ¢ = ecos—, and —=—cos -, or p= FP cos - 
2 A a 2 2 
Had we taken the upper sign, we should have found 
, 7 . 6 
& =esin-, p=Psn-; 
2 2 
hence «+ ¢? =e, p+ p®= P*: 


when @ is a right angle, the two loci coincide. 
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Had any other point except one of the foci been chosen, 
we should have found for the locus a curve whose tangential 
equation would be of the fourth degree; the curve in this 
particular case separating into two distinct curves, each of 
which is a conic section. 

Had the given section been an equilateral hyperbola, and 
6 a right angle, the locus would have been found a parabola. 

When the given angle @ revolves round the centre instead 
of the focus, the tangential equation of the locus is 


{a°b? (e+ v*) — (a + b*)}* = 4a°B cot* = {at + be* - 1}. 


~ 


VII.—NOTE ON A CLASS OF FACTORIAIS. 
By D. F. Grecory, M.A. Fellow of Trinity College. 


We owe to Vandermonde the interesting Theorem, that 
Binomial factorials of any order, in which the successive 
factors differ by a constant quantity, can be expanded in 
terms of the simple Monomial factorials according to the law 
of the expansion of Newton’s Binomial Theorem. ‘That is 
to say, that if we put 
z(a@-1)(4@-2)....(e-n+1l)=2", 

we shall have 


) (a — 1) Sea ' 
my +n a es &e. 


(x+y)"=2'"+ nx 

This proposition, which may be proved by various methods, 
is readily seen to depend on the fact that these factorials are 
subject to the laws of combination in virtue of which the 
Theorem of Newton, as applied to ordinary algebraical quan- 
tities, is true. And perhaps the Theorem of Vandermonde 
derives its chief value from its being one of the few examples 
which we have of the extension of Algebraical Theorems to 
operations not originally included in the demonstration. The 
other examples which are known, are the Theorems in the 
Differential Calculus and the Calculus of Finite differences, 
which are proved by the method of the separation of the 
symbols. 

Between these however and the Theorem of Vandermonde, 
there is one marked point of distinction: for whereas in the 
former Theorems the operation which is subject to the index- 
operation is different from that which forms the staple of 
ordinary algebra, while the index-operation is always the same 
N 
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viz. the operation of repetition, in the latter Theorem the 
base which is subject to the index-operation is or may be the 
same as that in ordinary algebra, while the index-operation is 
different. As any Theorem which will add to examples of 
this kind must contribute to extend our knowledge of the 
combination of symbols in the direction in which such an ex- 
tension seems to be most important, I will offer no apology for 
occupying a page or two, in demonstrating that a Theorem 
similar to that of Vande rmonde is true of a class of factorials 
different from that of which he has treated. ‘The factorials to 
which I allude, are those which are met with in expanding 
the cosine or the sine of a multiple are according to the 
powers of the cosine or sine of the arc itself. These factorials, 
which are of a somewhat remarkable form, have, like ordinary 
factorials, an analogy with powers, and the proposition of 
which I speak i is an example of this analogy. 

On referring to Vol. 11. p. 129 of this Journal, the reader 
will find the following expressions for cos 20 and sin 26 in 
terms of sin @ when ~ is an integer, 


( n , n(n*-2° 2°~2°) (n* n'— 
cos nO=cos nr) 1- — 02+ —— ) of " se, v 4 &e,\ 
i 12 1.2.3.4 ee _ 
rf ae | n(n P..4*)(n°-3' 
sin 20=cos (n—1)r ‘ wo" ey e+ — tn 3), °—~Ke. \ 
. l 1.2.3 “1,2.3.4.5 \? 


v being written for sin 6. 

Now to exhibit the an: logy which the factorials, which are 
the coefficients of the various terms in these expressions, have 
with powers, let us represent them by a notation corresponding 
to that of ordinary factorials, and let us write 

N=N, NM =N,, n(n — 1*)=n,, n(n — 2°)=n),, Ke; 
and generally 
m,, = n° (n° — 2°)(n® — 4*)(n® - 6°), .{n® --(r - 2}. .r being even, 
= n.(n’ — 1*)(n? - 3°). .......{n®-(r — 2)}. .7 being odd. 

This notation being employed, the preceding expressions 
may be written 


” ev oe | 
cos nGe(—-f 4 1 —9,, ——+,, —— —”,, ——___ + &c. $. .(1 
( rf *T2 "1.93.4  1,2.3.4.5.6 po Ds 


= 
| 


sin n§=(-)" Sn w-n * a +2) et &e.\, err 
t* "1.9.3 " ~" 1.9.8.4.5 J 


Now the proposition which we have to demonstrate may be 
expressed, by means of this notation, in the following manner: 
»(p-1 
4PM + &e. +0 
1.2 


(M+ N)ip = My + PMy_, N Mip» Nig pe 


Sa Reh RE SE el see 


Ea 


Bi ie ea i Se TS 
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In the demonstration we must distinguish two cases accord- 
ing as p is even or odd. 

Ist. Let p be even and = 27; then putting m+ instead 
of m in the series (1) we mare 


cos(m+n)O=—)""{ 1-(m4 He)ias —- 5 tke. +(-Y(m-+4 Wer 5 . -&c. }..( 


But by an ordinary Pica A of ei iaaatns we alae 
cos (m+n) 0 = cos mO cos nO — sin m@ sin nO. 
In this formula, if we substitute for the cosines and sines their 
equivalent series given in (1) and (2), and if we equate the 
coefficients of v”, ‘and then multiply both sides of the equa- 
tion by 1.2....27, we find 
: 27(2r— 1) : 
(1 + 2), = 2, + 2PM, M+ La tar ete + &e. + 2 
which proves the theorem when p is even. 
2nd. Let p be odd and =2r+1; then, by means of 
the series (2) and the formula sin (m + )@ = sin m@ cos nO 
+ cos m@ sin x8, we find on equating the coefficients of v”"', 
and multiplying both sides of the equation by 1.2.3. .(27+ 1), 
(27 + 1) 2r 
+ (27+ 1) m),,2), + mt? bs Moyo}, + &C. 
' 1.2 siaiia 
which proves the theorem when p is odd. 


ar? 


(m+ n),.,,, = Mm 


jar+l 


It is easily seen that this result applies equally to factorials 
of the form 
n® (n* — 2°h°) (n’? - 4h)... {n® -(r - 2Yh"}, 
since this last may be written under the form 


fn n ‘ ee. 
W elie” ie . PE ae Ny 


which, with the exception of the factor ”, is the same in 
form as the factorials which we considered before. 

I have not time at present to enter into any further de- 
velopments of the nature of these factorials, and more 
particularly into the consideration of their interpretation 
when the index is negative or fractional: but this is of the 
less importance, as it is not very likely that expressions of 
this form will ever be exte nsiv ely a used -ia analysis ; and the 
demonstration of, the, preceding theorem is given, not on 
account of its intrinsic vaiue, but “because it illustrates a part 
of the theory of Algebra which stands most in need of such 
examples. 
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VIII.— REMARKS ON THE DISTINCTION BETWEEN ALGEBRAICAL 


AND FUNCTIONAL EQUATIONS. 
By R.L. Evvis, B.A. Fellow of Trinity College. 


‘(HE distinction which it is usual to make between algebraical 
and functional equations, will not, I think, bear a strict 
examination. It is generally said that an algebraical equation 
determines the value of an unknown quantity, while a func- 
tional equation determines the form of an unknown function. 
But, in reality, the unknown quantity in the former case is a 
function of the coefficients of the equation, and our object in 
solving it is simply to ascertain the form of this function. 
Thus it appears, that in both cases the forms of functions are 
what we seek. 

Let us therefore consider the subject in a more general 
manner, and endeavour to find a more decided point of dis- 
tinction. ‘The science of symbols is conversant with opera- 
tions, and not with quantities; and an equation, of whatever 
species, may be defined to be a congeries of operations, 
known and unknown, equated to the symbol zero. Every 
operation implies the existence of a base, or something on 
which the operation is performed—in the language of Mr. 
Murphy, a subject. But the base of an operation is often 
the result of a preceding one. ‘Thus, in log z’, the base of 
the operation log is 2*, itself the result of the operation 
expressed by the index on the base z. This in its turn may 
be considered as the result of an operation performed on the 
symbol unity. But in every kind of equation there is a point 
at which the farther analysis of symbols into operations on 
certain bases becomes irrelevant; and thus we are led in 
every case to recognize the existence of ultimate bases. 

To solve an equation of any kind, is to determine the 


unknown operations by means of the known. If one symbol ) 

is said to be a function of another, it is, in reality, the result 

of an operation performed upon it. ‘Thus the idea of func- 

tional dependence pervades the whole science of symbols, 

and on this idea the following remarks are based. ] 
In order to classify equations, we can make use of two c 

considerations: Ist. ‘The nature of the operations which are e 

combined together: 2nd.. The. qrder in which they succeed 

oie another in the congeries of cperations which is made s 

equal to zero. ee re Stee ‘ 


Let us illustrate these renrarks by sbme examples. 
If we have an equation of the form 


ca 02+ db0=-0 











~~ 
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the bases are a and 4; the operations are, first, the unknown 
one denoted by 2, and then certain known ones denoted 
by the index, the coefficient, &c. All these are what are 
called algebraical operations. 
If again we have an equation of the form 
dy 


Sd. | ern ore (:) S 
dz (2) 


the base is 2; the operations are, first, the unknown one 
denoted by y, which is a function of z, then the operation 


d : , : : 
—, and lastly, certain algebraical operations. From the 
dx 


ee 4 ine : 
presence of the operation Te? this is called a differential 
dx 


equation. Equations (1) and (2) are discriminated by the 
nature of the operations combined, on our first principle 
of classification. 

But in one important point these equations agree. In 
both, the unknown operation is performed immediately on the 
bases ; the known are subsequent to the unknown: but in 
what are called functional equations this is not so. ‘Thus, in 
the equation 

p(mr)+ x=0...... (3), 
the base is z, the unknown operation is ¢, which is_per- 
formed, not on 2, but on the result of a previous operation. 
In the preceding example the previous operation is known ; 
but this is not essential. ‘Thus in 

gor +xr=0...... (4), 
the previous operation denoted by the right-hand @ is un- 


. P ¢ . . 
known. ‘The operation ae may enter into equations where 
da 


the unknown operation is not performed on the base. Thus 
we may have an equation of the form 


d r+x2=0 (5 
b 7, e+ T=. +000, (5), 


Equations (3), (4), (5), are functional equations ; (3), (4), are 
ordinary functional equations ; (5) is a differential functional 
equation ; (3) is said to be of the first order, (4) of the second. 
The introduction of the functional notation appears to be 
sometimes taken as the essence of functional equations; but if 
we wrote (1) and (2) thus, 
{p(ab)}? + ap (ab)+b=0...... OY, 


1 
~ o(#)-=0...... (2); 
¥ 


( 
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they would still be perfectly distinct from (3) or (4) or (5). 
The name functional equation is not happy; it refers to the 
notation, and not to the essence of the thing. 

A question now arises: To what class shall we refer equa- 
tions in finite differences? ‘These are generally of the form 
Ow Pee oe eee} s 
where y, is an unknown function, say $(«) of x; so that (6) 

may be written thus, 

F{x, or, ¢(a@+1)....}=0. 

Here the unknown operation is ¢, which in the case of 
@(x+1) is performed, not upon the base z, but on z+ 1. 
Thus it appears, that equations in finite differences are only a 
case of ordinary functional equations of the first order: and 
this is the reason why, in researches on functional equations, 
we perpetually meet with cases in which they may be reduced 
to equations in finite differences. 

The preceding remarks contain, I think, the outline of a 
natural arrangement of the science of symbols. It is not 
difficult to overrate the importance of a mere classification ; 
but I hope to be able to show, that the considerations now 
suggested are not without some degree of utility. 

As the distinction between functional and common equa- 
tions depends on the order of operations, it follows that, when 
part of the solution of an equation does not vary with the 
nature of the operation subjected to the resolving process, 
this part is applicable as much to functional equations as 
to any other. ‘The special application of this principle to the 
discussion of a class of differential functional equations will 
be the object of a subsequent paper. 

In the preceding remarks, operations of derivation, such as 
D, A, &c. are supposed to be replaced by functional opera- 
tions in every case in which this can be effected. 





IX.—MATHEMATICAL NOTES. 


1. In the Examination Papers for 1834, the following 
problem is given: “If the chord of a conic section, whose 
eccentricity is e, subtend at its focus a constant angle 2a, 
prove that it always touch a conic section having the same 
focus whose eccentricity is e cosa.” <A solution of this 
problem by a peculiar analysis will be found in a preceding 
article; but the following method may be found not unin- 
teresting. 





we 
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Let 7,, 7,, be radii vectores to the ends of the chord, 
—a, +a, the corresponding angles vectores, p the perpen- 
+ a, tl ponding angl tores, p tl 
dicular from the focus on the chord ; 


“.p x chord = 77, sin 2a 
yi Ss > 


1 _ v(r749,2-27,7, cos 2a) ify 1 2 i 
.-= pornos cate | —-+ ———— COs 2a |, 
p rr, sin 2a ~— = oe 
1 1l+ecos(@-a 1 
-_-= ? ), = &e. 
t. l ,. 
For cos 2a put 1-2 sin’ a; then, by a few obvious steps, 
1 1 


—= _—— (1+ 2e cos a cos @ + cos’ a). 
p lcosa 
Put a= 0; then the chord becomes the tangent, and 


1 2 
—=-~V(1+ 2e cos p+ e’). 
Py 
But the general form coincides with this, if we put 
lcosa=A and e cos a=¢; 
for then 


1 1 : 
—=— V(1+ 2 cos @ + &). 


Hence p is generally the perpendicular on a tangent of an 
ellipse of eccentricity e cosa. Hence the chord touches 
such an ellipse. ‘The latus rectum is diminished in the same 
ratio as the eccentricity. 

€. 


2. The relation between the long inequalities of two mu- 
tually disturbing planets, may be easily found without having 
recourse to the development of the disturbing function. 

Let m, m', be the masses of the planets, @, a’, the major 
axes of their orbits, 2, 2’, their mean motions, h, h', twice the 
areas described in 1’; then we have 

\ . 
7 er 
a a* 


n= 


uw being the mass of the Sun, in comparison with which the 

masses of the planets are neglected, so that it is the same for 

both. ‘Taking the logarithmic differentials of these equa- 

tions, and replacing the differentials by differences, we find 
An 3 Aa An 3 Ad 


’ ey, 


n 2a n 2 @ 








96 Mathematical Notes. 


But by the principle of the conservation of areas, 
mh + mh’ = const. 
so that mAh +m Ah' = 0. 
Now the orbits being supposed circular, we have 
h= (ua), h'= (ua’)': 
Ah 1 Aa Ah’ 1 Aa. 


hence = 


h “> h 2a 
Therefore we have 


An An’ Aa a Ahh m 
:s an An a Ak SR m 


1 
a 


An An' 
—- end — 


and — are the inequalities due to the disturbances, 


Ht 
so that their ratio is thus given. 
€. 


3. Napier’s Analogies—The form given by Professor 
Wallace to the mode of solving the spherical triangle whose 
sides are given, will probably be introduced into all future 
works on the subject. The corresponding mode of demon- 
strating Napier’s Analogies should not be omitted. 

M = v{sin (s - wv). sin (s - b). sin (s - ¢) + sin s}, 
M vi M 
tan 4.4 = —— , tan B= -, tan }C= —— , 
sin (s —@) sin (s — ¢) 


sin ($ —C 
tan $4 tan 1B sin ( ) 


sin (s—a).sin(s- 6) sins 
tan }.4.tan}C+taniB.tan}C sin (s—b) + sin (s - a) 
1 + tan 34. tan 3B sin s =F sin (s - ¢) 





sine cos @- b 
cosg ‘sin 2 

sa ° ’ (2s -a- b=c), 
cos @+4 b sin ¢ 





sin 92 ° cosQ 
cos @-b 


At C sh 2 


Z a ae oe 
cos a+b 
sin” 9 





